Calculus IT - Chapter 2.6 - Alternating Series; Absolute Convergence, and Conditional Convergence:
(Can apply to positive and negative-term series)
(What if series have negative and postive terms? No worries... It’s easy!)
Dr. Nakamura

1. Definition: (Alternating Series) An alternating series is an infinite series of the form

o
Zan—z )n+1 =c—c+c3—cg+c5—---
n=1
or .
Zan—z 'c¢,=—-c1+ca—c3+ca—cs+--
n=1

where ¢, > 0 for all n. So,

¢n = |an| = non-alternating part of the series.

2. Theorem: Alternating Series Test

D oo o
Given an alternating series of the form Z ay, = Z( ”+1c or Z an = Z 1), let ¢, >0

n=1 n=1 n=1

for all n. If

1. ¢y > ¢pt1 > 0 for all n (ie. the sequence {c,} is eventually decreasing for all n from some value
n), and

2. lim ¢, =0.
n—oo

Then the alternating series Z(—l)"ch or Z(—l)”cn converge.

n=1

Note 1: The n-th term test applies to all series: If the terms of any series do not tend to zero, then
the series diverges. Hence, if li_>m cn # 0, the alternating series diverges. Also, if the sequence {c,}
n oo

is not decreasing, then the alternating series diverges.

Note 2. (The common confusion): For series with positive terms only, ILm an, = 0 does not
n—oo

imply convergence (n-th term test). However, for the alternating series, nh_)rgo ¢, = 0 does imply
convergence.



Proof of the theorem:

oo
Consider the alternating series of the form Z(—l)”“cn =c—cytcg—catcs— -

n=1

By assumption, the terms of the series decrease in size. Denote

{s2n }=the even terms of the sequence of partial sums (s2, s4, Sg, ....), and
{s2n—1}=the odd terms of the sequence of partial sums (s1, s3, S5, ....).

Note that since the sequence is decreasing, {so2,} is bounded above by s;. Hence, by the Bounded
Monotonic Sequence Theorem (chapter 2.1), this sequence must have a limit; call it L. Similarly, the
odd terms of the sequence of partial sums {sg,_1}form a non-increasing sequence that is bounded
below by so. By the Bounded Monotonic Sequence Theorem (chapter 2.1), this sequence must have
a limit; call it L'.

Recall that since the series is alternating, we have
S1 = C1

SS9 = C1 —Cy = 81 —C9

S3=1c¢C —Cyt+c3=82+tcC3

S4 =c1 —Cy+ c3—cqg = 83 — ¢4 and so forth. Hence,

sg—s1=(c1 —c2) —c1=—c2
84—83:(01—02+03—C4)—(01—02+03):—04

So, in general, we have so, — S9,,_1 = Cap, OF
Son = S2n—1 + Con.

Since by assumption, le ¢n, = 0 regardless of whether n = 2n (even) or n = 2n — 1 (odd). Hence,
n oo
by using the limit laws and the equation above, we have

lim s9, = lim s9,-1 + lim ¢y,
= lim s9, = lim s9,_1+0
n—oo n—oo
L L

= L=1TIL".

Thus the sequence of partial sums converges to a unique limit and the corresponding alternating
series converges to that limit.



3. Theorem: Alternating Series Remainder

Let R, = |S — su| be the remainder in approximating the value of a convergent alternating series
(o.9]

Z(—l)"cn by the sum of the first n terms (s,). Then the absolute value of the remainder Ry
n=1
involved in approximating the sum S by the sequence of partial sums, s, is less than or equal to the

first neglected term. ie.
|Rn| < cCpy1-

o0
4. Definition: (Absolute Convergence) We say that the series Z a, converges absolutely if

n=1
S

Z |ay| converges. (ie. the sum is a finite number.)

n=1

5. Theorem: (Absolute Convergence Test)

oo oo
If E lan| converges, then E a, converges.

n=1 n=1

Note: Since a, = (—1)"Tl¢c, or a,, = (—1)"cp, |an| = cu. So, for the Absolute Convergene Test, all
you have to do is to test for convergence or divergence of the series, > 2 ; ¢,. Another words,

oo o0 oo
* If Z ¢, converges, then the alternating series Z an = Z(—l)"cn converges.
n=1 n=1 n=1
Proof: Note that for each n,
—|an| < an <lan|, hence, by adding |a,| to each term, 0 < a, + |an| < 2|ay]-

If >°0°, |an| converges, then Y °° ; 2|ay| (twice the |a,|) converges. Hence, by the Direct Comparison
Test, the non-negative series, > o ; (|an|+ay) converges (apply the sum to the inequality listed above).

Note that a,, can be written as a, = (|an| + an) — |a,| by algebraic manipulations. Applying the sum
to this equation, we have

> an =" ((an| +an) — an|)
n=1 n=1
= Z(’anH'an) - Z |an|
n=1 n=1

——
converges by the argument above converges by the assumption of the theorem

o
Therefore, Z an converges. T

n=1



6. Definition: (Conditional Convergence) A series that converges but does NOT absolutely con-
o0

verges is called conditionally convergent. ie. Z an converges conditionally, if

n=1

o0 oo
E a, converges, but E |ay| diverges.

n=1 n=1

(=1

o n
& Example: Consider the series Z ~—— (Alternating Harmonic Series). By applying the
n

n=1

1
Alternating Series Test, we have ¢, = —. Note that
n

1. ¢, is decreasing for all n > 1, and

2. lim ¢, = lim — =0.
n—oo n—oo n
— (—1)" : : e

Therefore, Z converges by the Alternating Series Test. To classify its convergence (Absolute

n=l [ee] (e}
or Conditional), we compute Z lan| = Z Cn.-

n=1 n=1

oo o oo 1
Note that an| = Cn = — = harmonic series = Diverges.

el = = piveges

o o
Since Z an converges, but Z |an| diverges, we conclude that

n=1 n=1

Alternating Harmonic series is conditionally convergent. &

*x Summary Note: A series can either be

oo o0
1. Z lan| converges = Z an converges. (Absolutely Convergent)

n=1 n=1

oo o0
2. Z a, converges but Z |an| diverges. (Conditionally Convergent)

n=1 n=1

oo
3. Z an diverges. (Divergent)

n=1



